I-BISIMPLE SEMIGROUPS

BY
R. J. WARNE

Let S be a semigroup and let Eg denote the set of idempotents of S. As usual Eg
is partially ordered in the following fashion: if e, fe Fs5, e<f if and only if
ef=fe=e. Let I denote the set of all integers and let 7° denote the set of nonnegative
integers. A bisimple semigroup S is called an I-bisimple semigroup if and only if Eg
is order isomorphic to I under the reverse of the usual order. We show that S is
an I-bisimple semigroup if and only if S~ G x I x I, where G is a group, under the
multiplication

(g’ a, b)(ha (4 d) = (g.ﬁ_-lc.chab_cfb—c,d’ a, b+d_c) ifbz c,
 (fh 080 o sh ate—b,d) ifc 2 b,

where « is an endomorphism of G, «° denoting the identity automorphism of G,
and formelI® nel,

Jfo.n=e, the identity of G while if m >0,

San=Un10™ Uy 00™ 2 Uy m o 1)¥Uy 4, Where {u, : nel} is a collection of
elements of G with u,=e, the identity of G, if n>0.

If we let G={e}, the one element group, in the above multiplication we obtain
S=1Ix I under the multiplication (a, b)(c, d)=(a+c—r, b+d—r).

We will denote S under this multiplication by C*, and we will call C* the
extended bicyclic semigroup. C* is the union of the chain I of bicyclic semigroups C.

If S is an I-bisimple semigroup, we will write S=(G, C*, o, u;) where G is the
structure group of S, « is the structure endomorphism of G, and {u} is the sequence
of “distinguished elements” of G.

An I-bisimple semigroup is a bisimple inverse semigroup without identity as
contrasted to a bisimple w-semigroup (a bisimple semigroup 7T such that E; is
order isomorphic to I° under the reverse of the usual order [7], [12]) which is a
bisimple inverse semigroup with identity. If S=(G, C*, «, 4), the inverse of
(g,m,n) is (g~*,n,m) and Eg=((e,n,n) : nel). If 5# is Green’s relation,
S/ ~ C*, the extended bicyclic semigroup.

Necessary and sufficient conditions for two I-bisimple semigroups to be iso-
morphic are established, and an explicit determination of the homomorphisms of
one I-bisimple semigroup onto another is given.

A complete description of the maximal group homomorphic image of an I-
bisimple semigroup is given. Since we are also able to give an explicit description of
the defining homomorphism, this result should have applications to the matrix
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representation of I-bisimple semigroups over fields. To perform the construction,
we first determine the maximal cancellative homomorphic image of an w-right
cancellative semigroup (a right cancellative semigroup with identity whose ideal
structure is order isomorphic to 7° under the reverse of the usual order). We then
utilize this result in conjunction with the description of the maximal group homo-
morphic image of a bisimple inverse semigroup with identity [8] to describe the
maximal group homomorphic image of a bisimple w-semigroup. Finally, this
description, structural properties of I-bisimple semigroups, and a determination of
the homomorphisms of a bisimple w-semigroup into a group are used to give the
desired construction.

It is shown that if p is a congruence relation on an I-bisimple semigroup
S=(G, C*, o, u;), p is a group congruence (S/p is a group) or p is an idempotent
separating congruence (each p-class contains at most one idempotent). The group
congruences are in a one-to-one correspondence with the normal subgroups of the
maximal group homomorphic image while the idempotent separating congruences
are determined in terms of the a-invariant subgroups of G.

The ideal extensions of an I-bisimple semigroup are studied in [15], [16].

Unless otherwise specified, we will use the terminology, definitions, and notation
of [2].

1. The structure theory. In this section we determine the structure of I-bisimple
semigroups, and we also give an example of an I-bisimple semigroup with nontrivial
distinguished elements.

R, L, #, and 2 will denote Green’s relations [2]. R, will denote the Z-class
containing a.

THEOREM 1.1 (REILLY [7]; SEE ALSO WARNE [12]). S is a bisimple w-semigroup if
and only if S~ G xI°xI°, where G is a group, under the multiplication

(g, a, b)(h, c,d) = (ge*""he®~ ", a+c—r,b+d—r)

where r=min (b, ¢) and « is an endomorphism of G, «° denoting the identity auto-
morphism.

THEOREM 1.2 (WARNE [10], [11]). Let S be a regular bisimple semigroup and let
e € Es. Then, eSe is a regular bisimple semigroup with identity e. If Es is linearly
ordered, S=U(eSe : e € E5) with eSecfSf if and only if e<f and each eSe is a
bisimple inverse semigroup with identity e with E,s,={f€ Es | eZf}.

THEOREM 1.3. S is an I-bisimple semigroup if and only if S~ G xIx I, where G
is a group, under the multiplication

(g, a,b)h,c,d) = (gfyite.che® *fy_ca,a, b+d—c) ifb=c,
= (fe2.a8% " fepphy a+c—b,d) ifc2 b,

(LD
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where « is an endomorphism of G, «° denoting the identity automorphism of G, and
formel® nel,

Jo.n=e, the identity of G, and for m>0,

S =Up10™ Yy 0™ 2 Uy 1yl my Where {u, : nel} is a collection of
elements of G with u,=e if n>0.

Proof. Let us first consider S=G x Ix I under the multiplication (1.1). Since
Jnn=fmienfomenformelI® nel and c € I° the associative law may be verified
by a routine calculation. Since (g, m, n)Z(ZL)(h, p, q) if and only if m=p (n=4q),
S is bisimple. Since Es={(e, n, n) : ne I}, S is an I-bisimple semigroup.

Let S* be an I-bisimple semigroup and let Es.=(e; : i € I) with ¢, <e; if and
only if i>j. If we let S*=e;Se,, S*=|J (S : ie I and i<0) with S¥<S¥ if and
only if i=j by Theorem 1.2. Each S is a bisimple w-semigroup with

Eg = (eivn: nel?)

by Theorem 1.1 and Theorem 1.2. Thus, we may set S¥ =G, x I° x I°, where G, is
a group under the multiplication

(12) (g9 m, n)i(h’ p, q)i = (gﬁf’"hﬁ?"a m+p-—r, n+q_r)i where r = min (n’ P)
and B, is an endomorphism of G; by Theorem 1.1. Let us write S¥=(G;, B,);. We
note that e, ,=(e, n, n), for nel 0, Let Bo=0, and G=G,. Thus, we may write
(Go, Bo)o=IG, xolo. Suppose that S¥,=I[G, a41)i+1 while S¥=(G, B),. Since
[£,0,0}.1€R,,,, NL,,,,,[g 0,0).,=(gfi, 1, 1), where f;is a one-to-one mapping
of G onto G,. Utilizing (1.2) we see that f; is an isomorphism. For g e G, let
goy=gfBft. Clearly, o, is an endomorphism of G. If g’ € G,, then g’ =gf; for some
ge€G. Thus, g'Bfit=g'filey, or Bifit=f'0;. Hence, by a straightforward
calculation, (g, m, n)é;=[gfi !, m, n); is an isomorphism of (G, B;); onto [G, «;];.
Thus, we may set (g, m, n),=[gf;"%, m, n],. Hence, [g,0,0];,,=[g, 1, 1},. Thus,
we may let S*=U(S; : ie I, i<0) where S;=[G, ], and [g, 0, 0},,.=[g, 1, 1}..
Since [e, 0, 14, € R,,,, N L,,,,, [e,0, 1};,1=[z;, 1, 2]; for some z;€ G. We may
deduce from (1.2) that

1.3) [g, m, n)i.1 = [e,m, 0)i44(g, 0,0]..[e, 0, n).,

= [z7 Ptz oz g2z - 20", m+1, n+- 1]
where if m=0 (n=0), the left (right) multiplier of g becomes e. We note that
[z7 ' 4121, 2, 2] = [got41, 1, 1)iv1 = [e, 1, 1)i41[8, 0, 04y
= [e,2,2}[g, 1, 1) = [g, 2, 2]
Hence, goy=z1go;, ,z;. Thus, by a straightforward calculation,
gy = (z_y+2)) 7 gog(z-1" - 2y).
For convenience, let

(1.4) Uy =217y
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for iz —1. For n>0, we set u,=e, the identity of G. Thus,

1.5) 8oy = U8l 4 1.

We now set ag=c. We will show that S*~ S where S=G x I x I under the multi-
plication (1.1). Utilizing (1.1),

S =(e,i,i)S(e,i,i)={(g,m,n):geG,m,neI,m Zinzi}

As above, S; is a bisimple w-semigroup. Let a;=(e, i, i+1). Then each element of
S; may be uniquely expressed in the form x=a; ™ga} € H ;4 m.i+n Where g=af'xa; "
€ H - Thus, (a7 "ga})p;=<g, m, n); where g=(g, i, i) and a;,g=gya; defines an
isomorphism of S; onto <G, v,>; (the proof of the last statement is essentially given
in [7, p. 164] and will thus be omitted). Since a,g=gy;a;,

(e, ia l+ 1)(g9 i’ l) = (.fl—.il 1,4 i’ l+ 1) = (ut_+11gu£+la i, l+ l)
= (g)’b i, i)(es i, i+ 1) = (gYia i i+ 1)'
Hence, by (1.5),
(1.6) &y = Uigouyy = gy, 1€y = oy

We note that a;}% gal,, =a; *gaj. Thus, {g, 0, 0);,1=<g, 1, D
We also have a;,; =a; *za? where z=a,a; . ,a; 2. Therefore,

z= (e i i+1)e, i+1,i+2)e, i+1,i)e, i+1,i)
= (Uiiathi+1, b ).
Hence,
e, 0, 1>, = uiiattiv1, 1,20 = {z;, 1, 2.
The last equality is valid by virtue of (1.4). Hence,
(1.7) g, mny,, =<z etz Yoz gz ziey- - -2 T, mA 1, n+ 1D,

where if m=0 (n=0), the left- (right-) hand multiplier of g is e.
By virtue of (1.6) [g, m, n},6,=<g, m, n); defines an isomorphism of S; onto S;.
Let x0=x0, if x € S;.
If xe8,,,<8S,, x0,,,=x0, by virtue of (1.3) and (1.7). Thus, it follows easily
that 0 is an isomorphism of S onto S*. Q.E.D.

COROLLARY 1.1. An I-bisimple semigroup S contains an #’-class consisting of a
single element if and only if S~ 1Ix I under the multiplication

(1.8) {a, b)c,d) = (a+c—r,b+d—r)
where r=min (b, c).
Proof. Let S be an I-bisimple semigroup with the above property. Thus,
S~ GxIxl,
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where G is a group, under the multiplication (1.1). Since (g, a, b)#(h, c, d) if
and only if a=c and b=d, G={e} and S~ Ix I under (1.8). The converse follows
from Theorem 1.1.

COROLLARY 1.2. An I-bisimple semigroup S contains an #-class consisting of a
single element if and only if S~ Ix I under the multiplication

(1.9) @@, b)(c, d) = (a+c, max (b+c, d)).

Proof. Let S be an I-bisimple semigroup with the above property. Thus,
S~ IxI under (1.8) by Corollary 1.1. However, (a, b)p=(b—a, b) defines an iso-
morphism of S=17x I under (1.8) onto S=1x I under (1.9). By virtue of the above
isomorphism the converse is a consequence of Corollary 1.1.

Thus, the only I-bisimple semigroup containing an J#-class consisting of a single
element is the extended bicyclic semigroup.

COROLLARY 1.3. Let S be an I-bisimple semigroup. Thus S is a congruence on S
and S| ~ C*.

Proof. Let S=(G, C*, «, 4;). By Theorem 1.1, (g, a,b)#(h,c,d) in S if and
only if a=c and b=d. Thus, it is easily seen that 5 is a congruence on S. Clearly,
S/2# contains a trivial #-class. Thus the result is a consequence of Corollary 1.1
or Corollary 1.2.

EXAMPLE. An example of an I-bisimple semigroup with nontrivial distinguished
elements.

First suppose that S~ G x I x I under the multiplication
(1'10) (g’ m, n)(hs D, Q) = (gap—rhan—r’ m+p—r, ”+q—")

where r=min (n, p) and « is an endomorphism of G. Thus, S,=(e, i, i)S(e, i, i)
={(gm,n) :geG,mnel,mzi,nzi} and S=\J{S,:iel and i<0}. Let
a;=(e, i,i+1). Thus, as in the proof of Theorem 1.1, (a7 "gaM)p;=(g, m, n),
where g=(g, i, i) and a;g=ge,q; is an isomorphism of S; onto (G, «),. Hence,
since a;g=go,a;,

(e, 0, i+1)(g, i,7) = (goy, i, i)(e, i, i+1),
(go, i, i+1) = (gey, i, i+1).
Thus, e=«; and S;~ (G, «);. We note that a;% ga?, , =a; *ga;. Thus
(1.11) (£0,0)4: = (g 1, 1),
Furthermore, a,,,=a; *za} where z=aa, a2 Thus,

z = (e 4 i+1)e i+1,i+2)(e, i+1,i)e i+1,i) = (e1i,1i).
Hence,

(1°12) (ea 0, 1)i+1 = (ea ls 2)t°
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Thus, utilizing (1.10), (1.11), and (1.12), we obtain
(1.13) (g myn)sy = (g, m+1,n+1).

By a suitable choice of representative elements, any I-bisimple semigroup with
u;=e must be reduced to an “inverse limit” of the above type. We will give an
example of an I-bisimple semigroup where this reduction is not possible.

Let G be the group of integers under addition. Let S=G xIxI under the
multiplication
(1 14) (g’ a, b)(h9 c, d) = (g+h2b_c+ﬁ—6.d_fi)—c,c’ a, b+d—0) lfb g c,

' = (82 +h+fy_yo—fo-va c+a—b,d) ifc2 b,

where
Jo.n=0 for n e I while if me I° and m>0,
Jn=0n:12" 1+, 42" 2+ - -+ 8y n-12+ap s, Where a,=0 for n>0 and
for n<0

a, =1 ifnisodd,

=0 ifniseven.

By Theorem 1.1, S is an I-bisimple semigroup. As in the proof of Theorem 1.1,
Si=(e, i, i)S(e, i, i)={(g,m,n) : ge G,myne I, m2i,n=i} and

S=U(S :ielizs0).

Let (3, : i€l,i<0) be any sequence of elements of G and let a;=(p;, i, i+1).
Thus, as usual, (a;™ga?)p;=(g, m, n), where a,g=gy,a; and g=(g, i, i) defines an
isomorphism of S; onto (G, v;);.

We again note that

(1.15) a,, = a ‘za?
where z=ayq,,,a; 2. Thus, by (1.14),
z =y 1, i+'l)(y,+1, i+1,i+2)(—y, i+1, D)=y, i+1, 1)
= (V1= 20+ A1 —Aiig, 1, 1)
Hence, by (1.15),
0,0, 1)+1 = Vi+1—=291+ @141 =01 42, 1, 2).

Thus, by (1.12), if S is an I-bisimple semigroup “without factor terms”, there
must exist a sequence {y; : i € I, i£0} of elements of G such that y;,; —2y,+a;,,
—a;, =0 for all i e I where i<0. Hence, y,=2y_, while if i< -2

Yi+1 = 2y;—1 ifiis even,

=2y,+1 ifiis odd.
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To simplify the notation, let b,=y_,. Thus, by=2b, while if n=1
b, = 2b,,,—1 if nisodd,
= 2b,,,+1 if niseven.

Let bo=2x, where x, is chosen arbitrarily. Hence, b, =x,. Thus, for n>1,

Xo+1—-24224 ... 4 (=1)r-12n-1
bn+1 = o ,

_3A-(=2)+x,
2n

Hence, for n>1,
_ %‘(l - 22n) + xO.

b2n +1 — 221;

Thus, lim,, , bz, +; = —% which is impossible since each b, is an integer.
REMARK. The above example is related to an example communicated to the
author by Professor A. H. Clifford.

2. The homomorphism theory. In this section, we give necessary and sufficient
conditions for two I-bisimple semigroups to be isomorphic, and we determine the
homomorphisms of an I-bisimple semigroup onto an I-bisimple semigroup.
The following theorem is obtained from [9, Theorem 2.3, Theorem 1.2, and
Theorem 1.1]. A proof will be given elsewhere [14].

THEOREM 2.1 Let S=(G, C, o) and S*=(G*, C, B) be bisimple w-semigroups.
Let f be a homomorphism of G onto G* and z € G* such that of =fBC, where xC,
=zxz~! for x € G*. For each (g, m, n) € S define

@1 (&, mn)8 = (z7'p"~1---z7Bz"Y(gf)z- 2B - -zB" ", m, m)

if m>0, n>0. If m=0 (n=0), the left- (right-) multiplier of gf is e*, the identity
of G*.

Then, 0 is a homomorphism of S onto S* and conversely every such homomorphism
is obtained in this fashion. 0 is an isomorphism if and only if f is an isomorphism.

The condition for two bisimple w-semigroups to be isomorphic (homomorphic)
was given by Reilly [7] (Munn and Reilly [4]), although the isomorphism (homo-
morphism) was not exhibited.

If G is a group and y € G, we will denote the inner automorphism of G deter-
mined by y by C,, i.e. xC,=yxy~! (x € G).

THEOREM 2.2. Let S=(G, C*, o, u;) and S*=(G*, C*, B, v;) be I-bisimple semi-
groups. Then, S is isomorphic to S* if and only if there exists a sequence

{z;:ieli <0}
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of elements of G*, a sequence {f; : i €I, i<0} of isomorphisms of G onto G*, and
a € I such that for allie I, i<0

22 Zia e alivars = (e DAC )(EBCy L),
@3) Ji = fi1Ce,
@4) eCozpfi = FiBCaiioire
Proof. As in the proof of Theorem 1.1, S=U(S; : i € I, i<0) where S;,=(G, o),
2.5 o = aCy1,

2.6) (g, mn).y = (57257 Yoysy g8y 8104 - -5~ Y, m+1, n+1),,

where if m=0 (n=0) the left (right) multiplier of g is e, the identity of G, and
2.7 S; = U7 Uy,

Similarly, $*=U(S¥ : i € I) where S¥=[G*, B,); (also see p. 371)

28 B = BCots

29 [gmnl,=1[tBr 07 Bt gt 1B - 1B, m+ 1, n+ 1],

where if m=0 (n=0), the left (right) multiplier of g is e*, the identity of G*, and
(2.10) b= U304,

First suppose that 6 is an isomorphism of S onto S*. Suppose that (e, 0, 0),0
=[e, 0, 0],. Thus, 6 induces an isomorphism 8, of S,=(e, 0, 0)oS(e, 0, 0), onto
[e, 0, 01,S*[e, 0, 0],=S¥. Hence, 6 induces an isomorphism 6, of S; onto S¥,
for each i € I with i <0. Thus, by virtue of Theorem 2.1, for each i there exists an
isomorphism f; of G onto G* and z; € G* such that

(211) o‘lﬁ =fiBi+aCzp
and
2.12) (g, m,n)0, = [z Bt 27 Bivazi 8z ZiBiva - - ZBEE S, My )iy,

where if m=0 (n=0) the left (right) multiplier of gfis e*.
Combining (2.5), (2.8), and (2.11), we obtain (2.4).
If xe§;,,S8S;, x0=x6,,,=x0, Thus, since (e, 0, 1);,,=[s;, 1, 2]; by (2.6),

(2.13) (2141, 0, 1041 = [27 (522814 0)s 1, 2)i4a
by virtue of (2.12). However, by (2.9),
(2'14) [z£+1a 0’ 1]£+a+1 = [Z¢+1t¢+a’ l’ 2]t+a-

Thus, combining (2.13), (2.14), (2.10), (2.7), and (2.8), we obtain (2.2).
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Furthermore, by (2°6)$ (g9 0’ 0)£+1 =(g’ la l)t' Hences (g, 0: 0)£+10i+1 =(g9 1, l)loi'
Thus, by (2.12),

(2'15) [gﬁ+1, 0’ 0]£+a+1 = [zt-lgﬂzb l, 1]i+a-
However, by (2.9), we have
(2'16) [gﬁn, 0, 0]¢+a+1 = [gf;u, 1, l]t+a‘

Thus, combining (2.15) and (2.16) ,we obtain (2.3).

Let us now assume the conditions of the theorem are valid. By (2.4), (2.5),
(2.8), and Theorem 2.1, (2.12) defines an isomorphism of S; onto S¥, ,.

By (2.12), (2.9), (2.10), (2.2), (2.7), (2.8), and (2.12),

@0,1)410;1 = [2041, 0, 1]isas1 = [Z141ti4a 1, 2)i4a
= [zis 107+ 2Visas1 1, 2)isa

= [((u73 5+ l)ﬁcz" l)zlﬁcvﬁl“ vl 2}i+a
= [ fiCr NziBi+a)s 1, 2)iva

= [z7 (s )2i(zifi+a)s 1, 2)iva = (51, 1, 2)46,.
Thus,

2.17) (e,0,n) 1104, = (58504 - -sef~ Y, 1, n+1),0, ifn = 1.
By taking inverses, we obtain
(2.18) (e,n,0).10,,, = (5722 - o577, n+1, 1),6,.
By (2.12), (2.9), (2.3), and (2.12),
(2,0,0)410,41 = [8fi+1,0,0)sa41 = [8fi41, 1; 1)i4a
= [z7'¢fz, 1, 1)iva = (8, 1, 1)i6s.
Thus, combining (2.17), (2.18), and (2.19), we obtain

(2.19)

(g, m,n)16i, = (e,m, 0);,10,:(g,0,0).16.1(e,0,n); 16,

(2.20)

= (sqtaf ™t sy toysT igsy sy - - siedm Y, m+1, n+-1),6,,
Let us define
(2.21) x0 = x6, if xeS,.

Hence, by (2.6) and (2.20), 0 defines an isomorphism of S onto S*. Let N
denote the natural numbers.

THEOREM 2.3. Let S=(G, C*, «, ;) and S*=(G*, C*, B, v;,) be I-bisimple semi-
groups. Let {z, : i€ I, i< 0} be a sequence of elements of G*, and let {f, : i€ I, i<0}
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be a sequence of homomorphisms of G onto G*, and let a be an element of I such that
forallie \N

(2.22) Zipa0aralisasr = (@5 DAC N2BC 1y, )
(2.23) Ji = fia G,
(2.24) O‘Cu(}llﬁ = fiB Czi via4r

For each element (g, m, n), € Si(i € I\N), define

(g, m,n)0 = [z7 B3 - 27 Buvazi '8fi2i 2iBisa - - ZiBPTas My Ml
where the square brackets denote an element of S* and where if m=0 (n=0) the left
(right) multiplier of gf, is e*, the identity of G*.
Then, 8 is a homomorphism of S onto S* and conversely every such homomorphism
is obtained in this fashion.

Proof. Let 8 be a homomorphism of .S onto S*. Let us suppose that (e, 0, 0),0
=(e, 0, 0),,. Hence 8 induces a homomorphism 6, of S; onto S&. By Theorem 2.1,
0, is given by

(2°25) (g’ m, n)lai = [zi- lﬁ'&'fl' =1 lﬁa;zl- lgﬂzi'ztpa; c 0z ag_ lm; n]ap
where if m=0 (n=0) the left (right) multiplier of gf; is e*, the identity of G* and
where, z, € G* and f; is a homomorphism of G onto G* such that
(2.26) @ fi = fiBa,Ca-
As usual, o and B,, are given by (2.5) and (2.8).

Since (e’ 0’ 0)l+1=(e’ 19 1)1 by (2'6)’ (e, 09 0)l+10¢+1=(ea 1’ 1)10!‘ Thus’ by (2°25)9
(2°27) [ea 0: O]a”l = [Zi‘ lgf;zb la I]ar
Clearly, a,,,2a,, i.e., a,,,=a;+b, for some b, € I°. Hence, by (2.9),

[e’ 03 O]a“.l = [es 0’ O]a. +bh = [ea bb b{]a,-

Thus, by (2.27), b;=1 and a,,,=a,+1. Hence, if we let ay=a, a,=a+i for all
iel, i£0. Hence the remainder of the proof parallels that of Theorem 2.2.

3. The maximal group homomorphic image. In this section we describe the
maximal cancellative homomorphic image of an w-right cancellative semigroup(*),
the maximal group homomorphic image of a bisimple w-semigroup and finally the
maximal group homomorphic image of an I-bisimple semigroup.

We first review constructions of Clifford [1] and of the author [8].

Let S be a semigroup with identity 1. The set of elements of .S having a right
inverse with respect to 1 is called the right unit subsemigroup of S. Let .S be a

(*) The terminology of “w-right cancellative semigroup” and “‘bisimple w-semigroup” leads
to some confusion. Thus, in [7], we employ the term *“w-bisimple semigroup”.
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bisimple inverse semigroup with identity and let P denote the right unit subsemi-
group of S. The principal left ideals of P form a semilattice (with respect to
inclusion). From each #-class of P pick a fixed representative element and let
aV b (a, b € P) denote the representative element of the #-class containing ¢ where
Pa N Pb=Pc. Define (a*b)b=a Vv b. Then, S~ P x P under the following definition
of equality and multiplication:

(3.1) (a, b)=(c, d) if a=uc and b=ud where u is a unit of P (an element of P
which has a two-sided inverse with respect to 1, the identity of P).

3.2) (a, b)(c, d)=((c*b)a, (b*c)d).

This construction is due to Clifford [1].

Let us now review the construction of the author [8] for describing the maximal
group homomorphic image of a bisimple inverse semigroup with identity.

Let us define the following relation on P:

(3.3) If a, b € P, anb if and only if there exists & € P such that ha=hb.

Then % is the minimal cancellative congruence on P or P=P/y is the maximal
cancellative homomorphic image of P. Let p — p denote the canonical homo-
morphism of P onto P. Let @, b € P. We consider the set F of all pairs of elements
of P writing them as fractions b/a. The relation = between these fractions shall be
defined thus:

3.4 bja = dj¢

shall mean that elements X and j exist in P such that Xa=j¢ and xb=jd.
The definition of the product is

3.5) bja-djc = kdlha where hb = ké.
Fis a group and the isomorphism of P into Fis given by a — a/1.

THEOREM 3.1 (WARNE [8]). With S, P, P, and F as above the mapping ¢: (a, b)
— b/a is a homomorphism of S onto F, and F is thereby the maximal group homo-
morphic image of S.

In [14], we called a right cancellative semigroup P with identity an w-right
cancellative semigroup if and only if its ideal structure (the set of principal left
ideals of P ordered by inclusion) is order isomorphic to I° under the reverse of the
usual order. The structure of w-right cancellative semigroups was given by Rees.

THEOREM 3.2 (REEs [6]). S is an w-right cancellative semigroup if and only if
S~ G xI° where G is a group, under the multiplication

(3.6) (g, m)(h, n) = (g(ha™), m+n)
where o is an endomorphism of G, o° being interpreted as the identity transformation.

If P is an w-right cancellative semigroup, we will write P=(G, I°, «) where G
is the structure group and « is the structure endomorphism of P.
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THEOREM 3.3. Let P=(G, I°, o) be an w-right cancellative semigroup and let e
be the identity of G. If N={g € G | go"=e for some n € I°}, N is a normal subgroup
of G. If (xN)0=(xo)N, x € G, 0 is an endomorphism of G/N. Let g — g denote the
natural homomorphism of G onto G|N. The maximal cancellative homomorphic
image P of P is (G/N, I°, 6) and the canonical homomorphism of P onto P is given
by (g, mm=(g, m).

Proof. Let 5 be the minimum cancellative congruence relation on P. By (3.6)
and (3.3), (g, k)n(h, j) if and only if k=j and there exists s € I° such that ge®=ho?.
If we define ApB (4, B € G) if and only if 4e®=Ba«° for some c € I p is a con-
gruence relation on G. Let N denote the congruence class containing the identity,
i.e., N={4eG | A«*=e for some cel°. It is easy to see that the mapping
(AN)8=(Ax)N is an endomorphism of G/N. Let P be the maximal cancellative
homomorphic image of P under the natural homomorphism

(8))—> (&)
If we define
(g,_])8 = (g_’.])
it is easily seen that § is an isomorphism of P onto (G/N, I°, 6).

REMARK 3.1. By the proof of [12, Theorem 3.1], S is a bisimple w-semigroup
(G, C, &) if and only if its right unit subsemigroup P is the w-right cancellative
semigroup (G, I°, «).

We now completely describe the maximal group homomorphic image of a
bisimple w-semigroup (including the defining homomorphism). If ¢ is an equiv-
alence relation on a set X, we let x, denote the equivalence class containing the
element x of X.

THEOREM 3.4. Let S=(G, C, «) be a bisimple w-semigroup and let e denote the
identity of G. If N={g € G | ga"=e for some n € I°}, N is a normal subgroup of G.
If (xN)0=(x)N, x € G, 0 is an endomorphism of G/N. Let g — g denote the natural
homomorphism of G onto G/N. Let us define a relation o on G/N x (I°)? by the rule

(3.7 (g a,b),(hc,d)eo

if and only if there exists x, y € I° such that x+a=y+c, x+b=y+d, and g6*=hov.
Then, o is an equivalence relation on G/N x (I°)2. Furthermore, the rule
(3.8) (8, a, b),(h, c, d), = (g6°h6®, a+c, b+d),
defines a binary operation on G/N x (I°)%[c=V whereby V becomes a group which is
the maximal group homomorphic image of S.
The canonical homomorphism of S onto V is given by (g, a, b)y=(g, a, b),.
Proof. By Theorem 3.3 and Remark 3.1, P=(G/N, I°, 6). We will utilize (3.4)
and (3.5) to determine the group of fractions F of P. Utilizing (3.4), it is easily
seen that

(3.9 (B,b)/(4,a) = (D, d)/(C, c)
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if and only if there exists x, y € I° such that x+a=y+c, x+b=y+d, and
(A-1B)6* = (C-1D)".
By (3.5),
(B, b)/(4, a)-(D, d)/(C, c) = (K(DO"), k+d)/(H(A8"), h+a)

where H(B6")=K(C6) and h+b=k+ c. Thus, applying (3.9) with x=c and y=Ah,
we obtain

(3.9 (B, b4, a)(D,d)(C,c) = (C-1D)6* b+d)/(B-*4)6°, a+c).

It is easy to see that o is an equivalence relation and that V is a groupoid.
Hence by (3.9) and (3.9)

(3.10) «E’ b)/(Z’ a)e = (Z- IBs a, b),

defines an isomorphism of F onto V.

Let S* be the semigroup constructed from P=(G, I°, o) (see Remark 3.1) by
means of the Clifford construction. Thus, utilizing Theorem 3.2, (3.1), and [12,
p. 572, Equation 3.4}, it is easily seen that (g, a, b)A=((4, a), (B, b)) where
g=A"1B, defines an isomorphism of S=(G, C, «) onto S*.

By Theorem 3.1, F is the maximal group homomorphic image of S$* under the
homomorphism

((A9 a)’ (Bs b))¢ = (E, b)/(Za a)'
Hence, V is the maximal group homomorphic image of S under the homomorphism
(g a, b)7=(g, a, b)Adp=(g, a, b).

NoTE. Another construction of the maximal group homomorphic image of S
is given in [4].

The following result is obtained from [9, Theorem 2.3 and Theorem 1.1] and its
proof will be given elsewhere [14].

THEOREM 3.5 Let S=(G, C, &) be a bisimple w-semigroup and let G* be a group.
Let f be a homomorphism of G into G* such that fC,=of where xC,=zxz"? for
x € G*. Then, (g, m, n)¢ =z~ "gfz" is a homomorphism of S into G* and, conversely,
every such homomorphism is obtained in this fashion.

THEOREM 3.6. Let S=(G, C*, o, u;) be an I-bisimple semigroup and let e be the
identity of G. If N={g € G | ga"=e for some n € I°, N is a normal subgroup of G.
If (xN)6=(x«)N, 8 is an endomorphism of G/N. Let g — g be the natural homo-
morphism of G onto G[N. Let us define a relation o on G/N x(I°)? by the rule
(&, a, b), (h, c,d)) € o if and only if there exists x,y € I° such that x+a=y+c,
x+b=y+d, and g0*=h6". Then, o is an equivalence relation on G|N x (I°)2.
Furthermore, the rule (g, a, b),(h, ¢, d),=(g0°h®", a+c, b+d), defines a binary
operation on G/N x (I°)2/o=H whereby H becomes a group which is the maximal
group homomorphic image of S. The homomorphism of S onto H is given by

3.11) (g, myn)d = (x710m" 1. x710x7g8,x;-x,0- - - x,0" %, m, n),
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where if m=0 (n=0) the left (right) multiplier of g8, is € and where
Xo = €,
X_y =gt whilefori < -2,
Xy = i (@-10)- - - u 074 Vi, o074 Vg ,0-¢+D. . 7,0,
g8o =g whileifi £ —1,
g8, = iigt-uz10- - i L0 VGO g, 074D . G O,

Proof. We first use Theorem 3.5 to determine a homomorphism ¢; of S; into H
for each i € I with i <0. Let x; snd §, be defined as in the statement of the theorem.
In the notation of Theorem 3.5, let G*=H, z,=(x;, 0, 1),, and gf;=(28,, 0, 0),.
Clearly, f; is a homomorphism of G into H. Let us first verify the condition of
Theorem 3.5.

zgfizyt = (x,, 0, 1),(88s, 0, 0)o(xi %, 1, 0),
= (1,£8,6, 0, 1),(x;%, 1, 0),
= ((x:£9,6)6x 6, 1, 1),
= (x,88,0x; %, 0, 0),
= (gt -@=10- - -d5Y 0~ Vi, 0~V 04D G0
(g 10a=10. - L0 VYL 0G0 1+t
Ay 07 o074 s 6%5,0

(il 10 @507 Vg, 1074 D . .a1_, i, 0, 0),

= (@410 - -a M0~ Va 0-'ge-t+t

Wy 1074041074 G, 6,, 0, 0),.

(3.12)

By (2.5), goy=u;3 gouy 1. Thus,
3.13) 8oy = U A\gaidly .y = #8004,
The last equality follows from the statement of the theorem. Thus, using (3.13),
g fi = (848, 0, 0), = (#4186, 1)3;, 0, 0),
= (g *-uy 0. - - 50~ V(a7 800, 4 1)0 My 074D - -l 6, 0, 0),
= (@G -a=10- - 504+ Va0 150+ 1, 101
Uy 1074V T 0iF,, 0, 0),.

Thus, comparing (3.12) and (3.14), we see that z,gfiz;7 1 =go, f; as desired. Hence,
by Theorem 3.5,

(g’ m, n)i¢t = (xl— 19 la O)Z'(gsb Oa 0)a(xb 0’ l)g
= (x710m 1 x7 1 0x7 g8 X0 - - x, 0", m, m),,

(3.14)

where if m=0 (n=0) the left (right) multiplier of g8, is &, defines a homomorphism
of S; into H.
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We note that (g, m, n)e$o=(g, m, n),. Hence, by Theorem 3.4, ¢, is a homo-
morphism of S, onto H.
Let us define x¢=x¢; if x € S;. We will show that ¢ is a homomorphism of S
onto H. We note that
(8 1, Dby = (x7'g8x,, 1, 1),
= (g 10 - u 50" V(i 1074V Bttty T30 - G H07T Y
8O0y 079Dl Oy sig a1 - w074}
L0074 5,0, 1, 1),
_ (170_10 . ‘ﬁ‘1120—0+1)§0-1ﬁ£+20-(1+1), . ,ﬁoo’ 1’ 1)0
= (88410, 1, 1), = (88,41,0,0), = (£, 0, 0);+16+1.
Let s;=u7 %4 1. Thus,
(50 1, 2y = (x7'58ix,-x,0, 1, 2),
= (g0 T 50D, 074 . .7 0k, 5 az10- - a5 074 )
50 Yig, 074V T, 00,- 05 010 - -T7HOTY)
Aty 42074V il 11510 - 75074V}
AL 07, 007 602, 1, 2),
= (510 - @0~ ¢ V{507, 0771071, 007 - 603, 1, 2),
= (#510- - G504Vt 5070+ V. 762, 1, 2),
= (5" - 450" Dily 5074+ . .7,0)8, 1, 2),
= (%410, 1,2)s = (%141, 0, 1); = (€, 0, 1)1116441
Hence,
(8 myn)is1¢i41 = (6, m, 0),1(g, 0, 0);1(e, 0, 1)y 1)y n
= (s el 87 s g Sy - o810 T, m+1, n+ 1)y
where if m=0 (n=0) the left- (right-) hand multiplier of g is e. Hence, if x€ S}, < S|,
ie.,
x=(gmn)y = (7Pt 57 oS gy 510y s ", m4-1, n+- 1),
then x¢, ., =x¢;. Thus, ¢ is a homomorphism of S onto H.

We now will show that H is the maximal group homomorphic image of S under
the homomorphism ¢.

Let G* be an arbitrary group and let p be a homomorphism of S onto G*. We
denote p/S; by p;. Thus, p; is a homomorphism of S; into G*. Since H is the
maximal group homomorphic image of S, under the homomorphism ¢, by virtue
of Theorem 3.4, there exists a homomorphism y of H onto the subgroup Sop, of
G* such that (g, m, n)edoy =(g, m, n)ep, for all (g, m, n), € S,.

Next, suppose that (g, m, n),1¢;+1y=(8, m, n);+1p;+; Where y is a homo-
morphism of H onto S, ;p; ;.
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By virtue of Theorem 3.5, there exists v, € G* and a homomorphism %, of G
into G* such that v,gnw; ! =goy, for all g € G. Furthermore (g, a, b);p,=v; *gna}
for (g, a, b), € S;.

Since (g, 0, 0);.1=(g, 1, 1);, (&, 0, 0);11p141=(g, 1, 1)ip;. Thus, gny, =0 g0,
Hence, gn,=v,gn;.107 %

Since (e, Oa l)i+1 =(S‘, l, 2)b (e$ 0’ l)l+1P£+1 =(Si’ 19 2)£P£' Thus,

Vyy1 = 07 W(Sm)vwy
o7 (vl + )7 oy

= SMi+10s.

Hence, v;=s;1%;,10;+,. Thus,
&M = (57 441004108+ 1(07 151 +1)
= 57 44 2(01 4 1871+ 1071541
= 57 "0y 1(8% 4 1M+ )5 41
= (57 g+ 18041
We recall that by p. 369 s, 1ga, 15, =goy=u gots; .. Thus,
578018 = UM godly . = U3 g0y, .
Hence,
(5784155 0, 0) 41641 = ((57'8% 41508141, 0, 0),
= (@5 G210+ - %074 P (s Tgay 1504+ D
iy, 00°4* D1 00,, 0, 0),
= (#5410 - a7 70 (4 g0, )04+ D
iy, 00792 i, 61, 0, 0),
= (g 'u-10- - -4 404+ Vg0, ,,0-“*V. .. _,0i,,0, 0),

= (8%, 0,0), = (g, 0, 0),¢.
Thus,

(8,0,0)p; = gny = (57 84150 +1
= (5718044151, 0, 0)141p441

= (57814155, 0, 0) 116142y = (&, 0, 0)iyy.
We next note that

5750, Dysadisr = Grtd41%141, 0, 1),
= (gt a0 - a5 %0 4 (AT, )0 D
(il g0 4D Bl 41, 0, 1),
= (ﬁo-lﬁ—lo‘ . .ﬁi—_'_llg-(u1),7“20—(“1){17”20_“.,_2)
el Oglg - AZ10- - a0 P, 407D 57,6, 0, 1),
= (ﬁo-lﬁ_lo. . .§‘-+110-(t‘+ 1)17”20—(“1)17”30-(”2). . °ﬁ00, 0, l),

= (x;, 0, D, = (ea 0, l)¢¢i-
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Thus,
(€0, )ypy = 57 410141 = (5770, Dyy1piaa
= (5740, )i118i.1y = (6,0, 1)yy.
Hence, (g, m, n)y=(g, m, n);p, for all (g, m, n) € S;. Thus, if x € S, xdy=xp.
Clearly, Hy=G*. Thus, H is the maximal group homomorphic image of S
under the homomorphism ¢.

4. The congruences. In this section, we will determine the congruence relations
on an I-bisimple semigroup S=(G, C*, «, u;). We first show that every congruence
relation p on S is either an idempotent separating congruence (each p-class of S
contains at most one idempotent) or a group congruence (S/p is a group). The
idempotent separating congruences are uniquely determined by the o-invariant
subgroups of G. Clearly, the group congruences are uniquely determined by the
normal subgroups of the maximal group homomorphic image of S (see §3).

We first show that every congruence on S=(G, C*, «, u;) is either an idempotent
separating congruence or a group congruence.

Let S be an inverse semigroup and let p be a congruence relation on S. Let
{N, : « € J} denote the collection of idempotent p-classes of S and let N, N Es=E,.
Thus Es=U(E, : « €J) (each N, contains an idempotent [5]) and E, N E;=[]
if a#B.

Furthermore,
(4.1) E,E;<E, for some y e J.
(4.2) If a € S and o € J, there exists a y € J such that a~'Ea< E,.

THEOREM 4.1. If S is a bisimple w-semigroup each congruence on S is either an
idempotent separating congruence or a group congruence.

Proof. Let S=(G, C, «) and let p be a congruence relation on S. Let E, denote
the class containing (e, 0, 0). If E,#Eg, let (e, k+1, k+1) be the first element of
E not contained in E,. Thus, Eo={(e, j, j) : 0=j<k}. Suppose that k >0. Hence,
by 4.2), (e, 1, 1+k)e, k+1, k+1)e, k+1,1)=(e, 1, 1) € E; and

(e, 1, 1+k)(e, 2k+1,2k+1)e, k+1,1) = (e, k+1,k+1) e E,
since (e, k+1, 0)(e, 0, 0)(e, 0, k+1)=(e, k+1, k+1) and
(e, k+1,0)e, k, k)e, 0, k+1) = (e, 2k+1,2k+1)

are contained in the same class by (4.2). Hence, we have a contradiction. Thus,
k=0, and E;={(e, 0, 0)}. Let us next consider E,, say. Let (e, n, n) denote the first
element of E, and suppose that (e, n+1, n+1) € E,. Thus,

(e, 0, n)(e, n, n)(e, n,0) = (e, 0,0) € E,

and (e, 0, n)(e,n+1,n+1)e, n,0)=(e, 1, 1) e E, and we again have a contra-
diction, i.e., (e,n+1,n+1) ¢ E,. If (e, n+s, n+s) € E, with s> 1,

(e,n+s,n+s)e,n+1,n+1) = (e,n+s,n+s)ekE,
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and hence (e, n, n)(e, n+1, n+1)=(e, n+1, n+1) € E,, a contradiction. Thus, each
E, consists of a single point, i.e., p is idempotent separating. If Es=E,, S/p is an
inverse semigroup [5] with a single idempotent, i.e., S/p is a group.

Theorem 4.1 has been established by Munn and Reilly [4] by different methods.

THEOREM 4.2. If S is an I-bisimple semigroup, each congruence relation on S is
either a group congruence or an idempotent separating congruence.

Proof. Let p be a congruence relation on S. Clearly, p | S;x S, where S;=e,Se,
is a congruence relation p; on S;. Thus, since S is a bisimple w-semigroup, p; is an
idempotent separating congruence or a group congruence by Theorem 4.1. Let us
suppose that p, is an idempotent separating congruence. Assume that p,,, is
idempotent separating. Let e and f be distinct idempotents of S;,,<S,. If p, is a
group congruence, ep,f. Thus, epf and hence ep;.,f, a contradiction. Therefore,
p; is idempotent separating. Hence, since S=U(S; : i€ ], i<0) by Theorem 1.2,
p is an idempotent separating congruence by induction. Similarly, if p, is a group
congruence, p is a group congruence.

We next will determine the idempotent separating congruences of an I-bisimple
semigroup S.

We will make use of the determination of the idempotent separating congruences

for an arbitrary inverse semigroup.
~If p is a congruence relation on an inverse semigroup S, the kernel of p is the
inverse image of Eg, under the canonical homomorphism.

THEOREM 4.3 (PRESTON [5]). Let {N, : e € E} be a collection of disjoint subgroups
of the inverse semigroup S and let N=U(N, : e € Es). Furthermore, suppose that

(43) NeNfg Nefa

(4.4) a Nja=*c N, where a€ S and g=afa™".
Define the relation py over S by apyb if and only if for some e € Eg, aa~*=e=>bb"1
and ab=* € N,. Then py is an idempotent separating congruence over S with kernel N.

Conversely, every idempotent separating congruence p over S has a kernel N of the
above type such that py is p.

THEOREM 4.4. Let S=(G, C*, «, u;) be an I-bisimple semigroup. There exists a
1-1 correspondence between the idempotent separating congruences on S and the
a-invariant subgroups of G. If p" is the congruence corresponding to the a-invariant
subgroup V, ply.o.n=((vg,a,b) : veV), ie., (g a b)p'(h, c,d) if and only if a=c,
b=d, and Vg=Vh. If V,, V, are «-invariant subgroups of G, V,<V, if and only if

Pvl [ pvz,

Proof. Let V be an e-invariant subgroup of G and let N 4,,,={(v,a,4a) : ve V}
and let N=U(N.o.q) : a€1). It follows by routine calculation that N, , is a
subgroup of S isomorphic to V, N q,0)Ne,b,00S Nee,a,axe.0,5 and

(8 a, b)N(e.c,c)(g_l, b,a) = N(e.t,t)
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where (e, t, t)=(g, a, b)(e, ¢, c)(g1, b, a). Thus, py is an idempotent separating
congruence of S by Theorem 4.3. We will denote py by pV.

Conversely, suppose that p is an idempotent separating congruence of S. Thus,
by Theorem 4.3, p=p, where N is given in the statement of Theorem 4.3 and
Ne,o,00=((,0,0) : ve V) where V is a subgroup of G. Since

(h’ 0, 1)(e, 0, 0)(h_19 19 0) = (e9 0’ 0)’ (h, 09 l)N(e,O.O)(h_1’ 1’ 0) = N(e,O,O)

by (4.4). Thus, if ve V, (1,0, 1), 0,0)(h 1, 1, 0)=(h(ve)h~%,0,0) and V is an
a-invariant subgroup of G. Let N ,, denote the subgroup of N containing
(e, b, b). Thus, N, p={(w, b, b) : we W} where W is a subgroup of G. Since
(e, 0, b)(e, b, b)(e, b, 0)=(e, 0,0), if we W,

(e9 0, b)(wa ba b)(e3 b’ 0) = (W, 0’ 0) € N(e,O,O)

by (4.4). Hence W< V, and similarly, ¥'< W. Thus, p=p" and we have the desired
correspondence. If (g, ¢, d) €S, we next show that pl, . 4, ={(vg, c,d) : ve V}.
If (h, a, b) € plo,c,a, a=c and b=d and (h, ¢, d)(g7*, d, c)=(hg™%, ¢, ¢) € N,c,c) bY
Theorem 4.3. Thus, pl...4,<{(v, & ¢, d) : ve V}. Using Theorem 4.3, the desired
equality follows by a routine calculation. If ¥, and V, are a-invariant subgroups
of G, clearly V =V, implies that p"i<p'z. If p"1<p’2, ve ¥V, implies that
(v, 0, 0)p"2(e, 0, 0), i.e., vE V).

COROLLARY 4.1. If S is an I-bisimple semigroup, S is the maximal idempotent
separating congruence of S.

Proof. By Corollary 1.3, 5 is a congruence on S. By [3, p. 389, Theorem 2],
every idempotent separating congruence of S is contained in 5%,
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